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4 Gamma and Beta Function
— (Some Special Integrals)

The Gamma function and Beta function are the integral special functions and are considered as
generalisation of the factorial function which involves integral with different limits. The Gamma function is
defined as the single variable function whereas Beta function is defined as the two variable function.
These two functions are however connected to each other and many complex integral can be reduced and
evaluated by using these functions. In physics these functions are popularly used in quantum
electrodynamics, quantum chromodynamics (renormalisation group equation), cosmology etc. These functions
are also used as inbuilt functions in scientific softwares like mathematica, matlab etc. and helps in numerical
computations.

1. GAMMA FUNCTION

The Gamma function which is also known as Euler’s integral of the second kind was first introduced
by Euler in his work to generalize the factorial of non-integer values. Gamma function can be defined as
(out of three different convenient definitions),

r(n) = Te‘x x"~Ldx, wheren >0 -(12)
This function depends only upon n not c?n X.
So, re = j:e’x xZL dx
Thus, r@ = j:e’x x*1 dx and so on.

1.1 PROPERTIES OF GAMMA (I') FUNCTIONS
Some interesting properties of Gamma function are

(@) r@a =1
(b) '(n+1) = nC(n)=n!
© L(n) = an‘:’e—zx x"Ldx, wheren,z>0
d - jl(lo E]Md
(d) rmn = J,| o9 y y
1
(e) I(n+1) = jgoe‘yn dy and so on.
Proof

Let us prove the properties one by one

180



GAMMA AND BETA FUNCTION (Some Special Integrals)

181

(@) Toprove r ()
We know, I (n)
Q)

o rQ)
(b) To prove rmn+1)
We know I' (n)

Now putting n = n + 1, we get

Integrating by parts on the

rn+1)

r.h.s.

r'n+1)

rn+1)
Using the same property, we write T'(n)

r'n+1)

rmn+1)

Thus,

From equation (1.3), we get

()
ro
4

r(n)

1
_[goe‘xx”‘l dx [From equation (1.1)]
I;oe‘xxl‘l dx [Putting n = 1]
ffe_xdxz{%} =-10-n=1 [-e=0]
0
1
nC (n) =n!
_[goe_xx”‘l dx [From equation (1.1)]
Te—xxnﬂ—ldx
0
j;”e—xx”dx (1.2)
X”Te‘xdx - T{i(x”)je‘x}dx
0 0 dx
{x" %} -~ Tnx”‘l§dx
0 O
—-(0-0)+n Tx”‘le‘xdx -(1.3)
0
[using equation (1.1)]
nC(n)
=(n-1)T (n-1) (Puttingn=n-1, in eg. 1.3)
nin-1)T(h-1)
nin-)(n-2)T"'(n-2)
nh-1)(n-2)(n-3) ' (n-3)
nh-1)(n-2)(n-3)..3.21T. (1)
n! QY[ TR =1]
u=1
21=2
3I'=6and so on.
rn+l

n
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If n=0,then T(0) = %:% =0
Andif n=-1,
Using I'n) = (n-1)T (n-1)one gets
) = (-1-1)r-1-1
= 2T (-2)
Similarly I'(-2) = -3I" (-3) so that
Il = 3 E3)

Proceeding in a same way one will get

1) = 1)™"m!T (-m)
where m — o hence gamma function for any negative integer is not defined.
then I'(-1) =

So this definition is not valid for zero or negative integers. But we can find the value of Gamma
function for negative non integer value of n.

. 1. .
Now putting n:—? in equation (1.3),

—
|
N |-
Nz
1
|
N
=
VR
| =
Nz

where

-
—
|+~
N

Il
oO— 8
e
N =

@

>

o

<

2

Likewise

NG

1 |
7 N |
oollr\) w| N
. =1
T
\C) |
- N | =
— ~——
S
N |-
N

e

Repetition of the above identity allow us to define the Gamma function on the whole real axis except
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on the negative integers as shown in the fig. 1.1.

Are

\/

I I
I I
I I
I I
I I
I I
I I
I I
I I
I I

41 =31
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I

0

/)

Fig. 1.1. Graphical representation of Gamma Function

we get

o0
Io e *x"gx

zy

(c) To prove r(n = 2" _[;0 e~ Xx"Lax
By definition of the gamma function,
I'(n)
Let X
or dx

zdy

Here limit will not be changed, so replacing the above values

e @)t zdy
0

J'e—zy Zn—lyn—l z dy
0

Znje—zy yn—l dy
0

b
[t ay
2" _[we_zx x"Ldx
0

n-1
Il[log i] dy
0 y

J'we‘xx”‘ldx
0
1
log—
y
1

I'(n)
For a definite integral
j: £(x) dx
Therefore from equations (1.5) and (1.6), one gets
I" (n)
(d) Toprove r(n)
We know that
I'(n)
Let X
or eX

y

[From equation (1.1)]

.(15)

.(16)

(17)

.(18)
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or y = e* or dy=—e* dx
Now, whenx=0, y=1

and whenx=o, y=0

So, changing the variables in equation (1.8),

n-1
we get, rmn = J'lo(log%j (—dy)

n-1
rn)= I;[Iog a dy (negative sign is omitted by changing the limit)

[Note : This is the first formula derived by Euler for Gamma Function]
1

(e) To prove rin+1) = I”e—yﬁdy
0

We know that rm = j;oe‘xx”‘ldx
1

Let X = yn

or X" =y

or nx"dx = dy
d

or x"ldx = Fy

Here limits will not be changed as when x = 0, y = x* = 0 and when x = o0, y = .
1

rmn = j:)e‘yn d—r?/
= %Ie‘yﬁdy
1
or nrC(n) = j;oe‘yndy
L
or C(n+1) = I;oe_yn dy (Using equation 1.3)

Example 1.1. Find the values of

0 r@ (i) r@ (i) F@ W) F(_%]’ (V)F(_g]

Solution : (i) We know that, T'(n) = j:x”‘le‘xdx

[From equation (1.1)]

[changing the variable in equation (1.1)]

.(1.9)
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1
1 1 ©
- = Pl 2a—X f
For n = Z’F(ZJ_J‘O X 2e”"dx (i)
1
Let us put x =u2 - x 2=yt
o dx = 2udu
When X =0,u=0
X = o0, U=
1 T2
From ()=T (E) = je "y 2udu
0
w 2
= 2j0 e du ...(ii)
Along x and y axes equation (ii) becomes, (replacing u=x and u =)
1 o 2
F(E) = 2.[0 e " dx ...(iii)
1 o 2 .
And F(E) = ZIO e Y dy -(iv)

Let x=rcos6,y=rsin0
X2 +y? = r?, dxdy = r dr d@
Here the coordinates are used in 2D cylindrical co-ordinates in which limit of r is 0 to o and 0 is
0 to /2.
Multiplying equations (iii) with (iv),
1 2 2T 2
{F(Eﬂ e dx'([e Y dy

1
N

L 2.2
je‘(x Y )dxdy
0

x 2
{J' 2re " dr}de
0

1
N
o— N3

Again putting r> = v
: 2rdr = dv

1
!
VY
N |-
—
[
N
1
N
o—nN|3

{ r 1) :Te_vdvl

0

1
N
=
~—
e
o —nN|3a
o
D
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T
2
= 2[do [T =1
0
s
= 2[6)§
=T
1
() = =
(if) We get from the properties of Gamma function
1
re = T+ [From equation (1.3)]
or I'n+1) = nI"(n)

3 - )

- r @ [+ T (n+1) = nr(n)]
- 1)
(i) We write F(g) = F(g +1)
= gl" (g} [+ T(n+1)=nr(n)]
3
3y
() - i -]
(iv) We know that,
I'n+1) =nl() [From equation (1.3)]

1
Putting n = — > in the above equation

r(-3+) = -3r(-3
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: TRETE

(-3
= - T|-=
or Jr ST-5
1
o r(-3) = 2
(v) Again we know that
rnh+l) =nC(n)

. 3. . .
Putting n = —— in this equation

2
F(—§+1)
2

. (-3

|
|
NDjw NDw NDw
!
|
N | w
N2

: 2 -2
: 2 -4

Example 1.2. Evaluate the integrals by using the property of " function.

(a) I;o x*e™Xdx (b) J'(;” x8e~4Xdx
5
@ [ Vxe Vo © [ dx

7
© jg" x~tt2dt

[Note : In evaluating the integrals, we need to check the exponential part. If it is not in €™ form, then

we may move for variable replacement]
Solution :
(&) We know that

r(n) = [x""e ¥dx
0
Oj') 4,—-Xx —
x"e"dx =T (5)
0
Again rn+l =n!
re =4=24

o0
j x%e Xdx = 24
0

(Putting n = 5)
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(b) We know that

or

Here
and

(c) We know that

n-1
z
o0
j x8e M dx
0
I' (n)

7 7 9
Here n-1=— or n=14+—=—
2 2

2

(d) We know that

Let

Again let,

or

o0 7
j e 't2 dt
0

I' (n)

3x

31 ¢ 2dx
2

© _ f—
ZnJ'O e XN 1dX

r'(n)
Zn
8 or n=9

4
()
49
8!
429
40320
262144

=0.153

0

[e "t

[From equation (1.7)]

[-T(h+1)=nl]

[.- T(n+1)=nT(n)]
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or

dx

Here no change in limit will occur.

(e) We know that

Let

Let
or

or

I' (n)

4x
4dx

dx

There is no change of limit here.

2 2y . 2
L xdy=2Ydy=<yd
3fyssy gy

=e 7 —vyd
{3 5 Yoy

o0

4X4X4XJZ

o 7
1 o[-y 5_1d
— |e
128 0 y y

r@E) =21
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_ LF(Z) =ixr(§+1)=ixix§xlr(l)
128 \2) "128° 27 128727272 \2

15 -
T 128 x2x 2x2
15
T 1024 r
o _y2
Example 1.3. Show that Io g™ dx= g
Solution : By definition of Gamma function
rm = jgo e *x" o [From equation (1.1)]
o 2
Let | = Io e dx
Consider X2 =y
or 2xdx = dy
dy
or dx = ——=
2y
There will not be any change in limit here.
| = je‘y dy
1
= = j e vy 2dy
1
= ZfeVy2 dy

|4

2
Example 1.4. Show that wa”e‘kx dx = 1 r n+l .
0 2kn+1 2

Solution : By definition of the gamma function, we get

rm = _[e‘xx”‘ldx
0
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% 2,2
Let | = jo x"e KX dx
Put k2% =y
or k?2xdx = dy
dy dy dy

Here no change in limit will occur,

1 r n+1 L .
I = W — [By definition of Gamma function]
Example 1.5. Prove that F(%)F(Zn): 22”‘11“(n)1“(n+%)

Solution : We have, T (n + %j

[..T(n+21) =nl'(n)]

|
VR
>

|
N |-
Nz
=
/N
>

|
N |-
N——
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2n—(2n-1)

ns)

(2n-1) @n-3) (2n-5)... n(lj

2n—2n+1)
2

frl

2

_ 2
= m
Multiply and divide the above relation with 2n (2n - 2) (2n—4) ...... 6.4.2.1, one gets
1
2n !F(—]
) (2 5
2"2n(2n-2) (2n-4)...6.4.2.1
1
2n !F(—]
(3
22"
1 1
2nI” (2n F(—) I'(2n F(—)
_arenr(z) renr|;
22" nr(n) 22" 1(n)
1 rn)r (%]
2 22”—11—~(n)
r(i) ren) = 22”—1r(n)r(n+1)
2 2
1" n1
Example 1.6. Prove that lem(log x)"dx = _=D7nt
0 n+1
(m+1)
Solution : The given integral is
1
| = jxm(logx)”dx
0
: R y_1 - -
Putting Xx =¢eY = e :?,dx——eydy
_ y_1 _ _
Now, when X =0, ezaorey—ooory—oo
— y _ 1 — — a0 —
and when X =1, e =7 o e¥=lo &=¢" = y=0



GAMMA AND BETA FUNCTION (Some Special Integrals) 193
0
1= [e™ (=y)" (~e7Y)dy
= (-)" je‘myy”e‘ydy
0
(limit is changed by using the negative sign)
- (_1)n J‘yn e—(m+1)y dy
0
7 u )" du
= ()" je_u (m+1] 1 [Putting (M + 1) y = u]
0
n ©
= % Ie_uun du
(m+1) 0
—_1\n —D"nt
LD gy D'
(m+1)"* (m+1)"*
1 (-D)"n!
joxm(log )"dx = W
Example 1.7. Show that 2.4.6....2n=2"T (n+1)
Solution : LHS = 246...2n
= 2"(123..n)
= 2"n!
= 2T (n+ 1) =RHS
2171 (2n)
Example 1.8. Show that 1.35...(2n-1)= W
Solution : LHS = 135....(2n-1)
1.2.345...(2n-1) 2n
B 2.46..2n
_(2n)!
~ 2"n!
1-n
_ 2nT"(2n) _ 27°T(2n) _ RHS
2"nT (n) r'(n)
Example 1.9. Evaluate I:e_axxm‘l sin bx dx in terms of Gamma Function.

Solution : The integral,

(oo}

| = je‘a"xm‘1 sin bx dx

0
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oo}

e

0

(Putting the value of sin bx in terms of exponential function)

_1(eibx

—J dx

ame L

—|bx\
2i

- — Te—ax Xm—leibx dx — Te—ax ym-1 e—ibx dx
2i
LO 0 J
- — J‘e—(a—ib)x Xm—l dx — J‘e—(a+ib)x Xm—l dx
2i
LO 0 J
Let us consider (a—ib) x=u; (a—ib) dx =du
and (a+ib)x=v; (@a+ib)dx=dv
Now the integral becomes
| - i_ofe‘“um‘ldu CTeWM v
2i |5 (@-ib)" 5 (a+ib)”
1 rm  rm
© 2| (a-ib)™  (a+ib)™
r
= L fa-ioym- @+ iy
Againleta=rcos6andb=rsin6
So a?+b? =1
b
or r = Ja?+b2 and 6 =tan’ (—)
a‘+b a

Putting the value of a and b, we get

| =
or |

or |

(oo}

je AxyM-1 gin px dx
0

Finally,

r()

[r™ (cosmO +isinm6—cosm6 +isin m 6)]
I'(m)
2i
I'(m)
m

r

r™ 2i sin mo

sinmo

I'(m)
r

sinmo

where r=./a% +b? and e:tan‘l(gj
a
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Example 1.10. Prove that J'°°X_d _ T+l 1)1
0 5X (|Og a)a+
Solution : Let | = J'_de
0a

Considering log on both sides of a*, one gets
loga* = xloga
Considering the exponent of the above egn. one gets

X
E’Ioga - exloga
x log a
or ax = %
© a
X
= .[ ongaLdX
oe
o0
- jxae—xlogadx
0
Let xloga =z
. dz
X =
or log a

-z

I = Mlog a)

Iog a

= ﬁ J- Zae_zdz
0

(log a

I'(a+l)
(Iog a)a+1

T

2 2
Example 1.11. Evaluate J' (tan®0+tan° @) e~ 9go.

0

T

2
Solution : Let | = j

0
Let us put tan%0 = x
or 2 tan 0 sec’0d0 = dx
or 2tan 0 (1 +tan?0) dO = dx
or 2Jx (1+x) do = dx

40 = dx

or N 1+x)

when 6=0,x=0and when G:g,X:oo

26
(tan0+tan®0) e"™" do
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j(x\/;+ x2x)e

2f (1+x)
o - Q—Xf A o
o = e
or | = = [-T(2) =1]

2
(tan®0+tan° @) e 1" ede%

o3

1.2. OTHER FORMS OF GAMMA FUNCTIONS
Gamma function described by the form

0
rm = jx”_le_xdx, n>0
0
is known as the integral form of gamma function. Except this form there are two other forms of gamma
function known as
1. Euler’s form : This form of gamma function is given as

= Lim
rm n—w NN+1)..(n+m) ~(110)
Here n is neither zero nor a negative number.
2. Weierstrass' Infinite product definition : This form of gamma function is given as
o0
I"L = ne" (1+ ﬂ) g /m -(112)
(n) m=1 n
where r is Euler's constant and is given as
r = Lim (1+i+l+....i—ln mj =0.577216
Nn— oo 2 3 m

The integral, Euler's and Weierstrass' forms of gamma function are equivalent to one another. To

m m
prove the result consider the integral j(l—%) x"dx with m — oo such that the integral becomes

j Lim [1_H)m x"Ldx (1.12)

m-—oo
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m
But Lim ( —%j =e * hence equation(1.12) could be modified as

m—oo

0

I e Xx"dx =T ")
0

m m
Thus the integral J‘(l—%j X" dx could be solved by substituting %:t, such that %: dt
0

m
when x =0, t=0and when x = m, t:%:H:L so that

m

m 1 1
j(l—%j x"dx = [@=0™ (mt)"mdt = m" [ (1-1)™t"
0 0 0

Integrating by parts one get

1 1.n 1 1
n mt" t m-1 n mt.n m—1 n M ¢.n m-1
m [(1—0 Y ) +£T.m(1—t) dt] =m {O+T-([t @-t) dt}: m .T'c[t @-t) dt

repeating the procedure m times, one gets

m

x\™ n1 nomMm-D(M=-2)..l  fnam-1
j(l‘ﬁj X M D (h+ 2) (e m=]) {t at

n 1.2.... ., m=-1).m B
D) ey L™

To prove Weierstrass' form consider the inverse of Euler's form, i.e.

~1  n(n+1) (n+2)...(n+m) "
r(n) ~ 1.23..m

3 m

n+n) (1+%j (1+%j S (1+ %j g~ninm

n(1+i+l+ i)
2 3 "'m

n(l+n) (n;Z).(n+3) (n+m) "

Multiply and divide the above relation with e one gets

11 1
1 n n) ( n) n(1+?+§+""ﬁj _n(1+f+§+""ﬁ) —nlnm
_F(n) = n(1+n)(1+3j (1+§ + . 1+H e . e e
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1 1 1
+n[1+—+—+——n|n m}
= n[(1+n) e " (1+%j e "2 (1+£) e‘”/g....(1+%) e”/m} e 2.3 m

m n n/m
= ne 1+—j e
I1 ( -

m=1
Example 1.12. Prove that T'(n) ' (-n) = — nmnTnn n is not an integer.

Solution : To start with Weierstrass infinite product of gamma function one gets

1 1 m = ( nj -n/m - = ( nj +n/m
. = he 1+— e . —nhe 1-— e

o0

2 nj( n) —n/m_n/m
-n ——]1+—|e " "e

H( el G

m=1

e nZ\

(
—n? ml_zllkl_ﬁ

Expanding cos kx, where k is not an integer, in fourier series in the interval — © < x < &, one gets

17 1 sinkx [* 1 sinkm+sinkz  2sinkn
a = — jcoskxdx:— == =

L T k | =« k kn

17 17
am = —jcoskxcosmxdx:— J'[cos(k+m)x+cos(k—m)x]dx
m b 2n

—T —T

- .
N sin(k —m) x

k—m

T~ 2n k+m n

1 {sin(k+m)x

|

_ iZsin(k+m)n+23in(k—m)n
T 2n k+m k—m

1 {sinkncosmn+cosknsinmn . sink mcosmm —coskmsin mn}

r k+m k—m

1| sinkn(-)™+0  sinkr(-)™-0
= — +
b4 k+m k—m

0,
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1| (k=m)(=D)™ sinkzm+(k+m) (1) sinkn
Tn k? —m?

1| k(=)™ sinkm—m(-1)" sinkn+k(—1)msinkn+m(—1)msinkn} 2k sinkn(-1)™

T k" —m? T K2_m2
b,, = 0 as the function cos kx is an even function, hence

2k i sinkr (-1)™

1 .
cos kx = k—sm kn+—. >——— C0S MX
T T To k-m
Let x = wand k = n, so that above equation becomes
1 . 2n — sinnm
cos Nt = ——sinnm + — ﬁ(—l)2m
nm T o Zon“-m
cos Nx 1 2n < 1
or : = —+— —_
sinnrw nm T = n% —m?2

Integrating the two sides with respect to n in the interval 0 to n one gets

. e 2\
| sinnm _ | ( _n
n—o nZ::l og Ll sz
sinne = (. n?) -
or = EALFJ ...(ii)

Comparing equation (i) and (ii) one gets

2 sinnm 1 1
nt~ T'(n) T'(-n)

or -nsinnp _ _1 1
n - T(n) T'(-n)

Reverting the above relation, one gets

FMTEN = Jsinng

2. BETA FUNCTION

The Beta function is also known as Euler integral of the first kind and defined by a definite integral
as

Bmn) = [x™1@a-x)"tdx, wherem>0,n>0 ~(2.1)

o
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Note that the function depend upon m and n but not on x. It is an area function which depends upon
two variables.

1 1
Thus BLD = [x°a-xdx=[dx=x]; =1
0 0
1 1
B3 = [x*a-x>tdx=[x(1-x)? dx, etc
0 0

2.1 PROPERTIES OF BETA (B) FUNCTION

In evaluating the integrals the following three properties are widely used
@ B (M, n)=p (n, m) (Symmetry of Beta function)

0 Xn—]_ o Xm—l
b) B(m )= [————dx= [ ———
() B(m n) .£(1+X)m+n X J(;(l_l_ X)m+n

T

2
© B M n)=2 [ (sin0)*™" (cos6)’"" do
0
Proof
Let us prove the properties one by one.
(@) Toprove B (m, )= (n, m)
We know by definition of Beta function
1
B(mn) = Ixm‘l (1-x)"Ldx [From equation (2.1)]
0
Again we know that for definite integral

:a[f(x) dx = J%f(a—x) dx,
0 0

so using this property in the above equation, we get
1

B = Ja-" - - X" dx
0
1
= jxn_l(l_x)m—l dx
0
= B(n, m)
H Xn_1 @ Xm—1
b) Tt n)= dy =
(b) To prove B (m, n) '([(1+x)m+” X J(;(l+ o

We know by definition of Beta function

1
pmn) = [x"ta-x""dx
0
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1 -1
Let X = —— or dx = 2dy
1+y 1+y)
1
or (L+y) = ”
Now, when X = 0,y=
when x =1y=0
0( m-1 n-1
1) ( 1 j —dy
= 1-
B (m.n) ;[L1+ yJ 1+y 1+ y)?
) T 1 yn 1 dy

@)™ @™ @L+y)?
0
[-ve sign is omitted by changing limit]

B = [
' 0 1+ y)m+n
b b
But, [fedx = [f(y)dy [Property of definite integral]
a a
Nmm=za£%mw
Now using B(mn) = B (nm)

o m-1 ;
B(mn) = gmx

T

2

(c) Toprovep (m, n)= 2 J' (5in0)2™1 (cos0)2™L de
0

We know that

1
jxm_l(l—x)”_ldx

B(mn) =
0
Let = sin0 or dx =2 sin 6 cos 6 dO
When =0 0=0
T
Xx =1 0= >
K
2
B(mn) = J.(sinze)m‘1 (1-sin®0)"2sin0 cos 6 dO
0
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2

(sin 0)°™2 (cos 0)2"?sin0 cos 0 dO

o—N|a

2 [ (sin 8)?™ (cos 0)°"* do

o—N |3

3. RELATION BETWEEN BETA AND GAMMA FUNCTION

Beta function and Gamma function can be related by the relation

r'(m)I'(n)

, wherem >0,n>0
'(m+n)

B(mn) =

In the evaluation of integrals, this relation is quite useful for finding a definite result.

r'(m)'(n)
C(m+n)
Solution : We know from the definition of Gamma function

Example 3.1. Prove that g(m, n) =

r() = je‘xx”‘ldx
0
Now using the property (c) of the Gamma function, we write

(3.)

0,

...(ii)

rc) = 2" je‘zxx”‘ldx
0

or l:) = e x"dx

z 0
Multiplying both sides by e? 2™ in egn. (i) and then integrating with respect to z fromz=0t0z = o0

we get
rm [e?z" Mz = ezt [ "f e‘zxxn‘ldx] dz
0 0 0

or rmrm = jje_z(l+x)zm+”‘lxn‘1dx dz

00
Since the integration limit is same, so changing the order of integration

J‘ Xn—l[J' e—z(1+x)zm+n—1dZ] dx
0 0

r'(n)T" (m)

(1+ X)m+n

_[ X" { [ (m+n) :l dx [Using equation (ii)]
0


lenovo
Highlight
change writing style
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I’ (m) I(n) T SR
or rm+n) ~ 3@+x)™"
= B (m,n) [Property (b) of Beta function]

T 1,(p+1) 1,(q+1)
2 2 1

2
Example 3.2. Show that 2 _[sin PO cosiedo = and hence show r(_) =r.
0 r ( p+q+ 2) 2
2

Solution : From the relation of Beta and Gamma function, we get

C(m)T(n
B(mn) = —r((nz+(n)) (i)

Again from the properties of Beta function (property c), we get

B(mn) = 2[ (sin0)>™ (cos0)*"* do ...(ii)

o—N|a

Therefore from equation (i) and (ii)

(sin0)°™* (cos0)?"tdo = Lm) I ...(iii)

2 I'(m+n)

o—nN|a

Let 2m-1 =p and 2n-1=¢q
p+1 g+1
= n=
or m > or >
2j(sin 0)P (cos0) do =
p+q+2
0 r >

Now putting p = 0 and g = 0, we get

z Dl
ot
or zg = {r (%ﬂz [+ T()=1]

or f(3) = =
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Example 3.3. Prove that T'(m) T (m+— =

r 2m),m>0

1) +n
2) 22m—1

Solution : From equation (iii) of Example 3.2, we have

2

o—nN|a

(sin 0)°™ (cos0)>" do

_ I(mI'(n)
r'(m+n)

1
Putting n = — in equation (i), we get

or

2

2[ (sin 0)>™* do

o—nN|a

2 [ (sin0)®™1do

o—N |3

e[}
F(m + %)

NQNES

r(m+7]

Again putting n=m in equation (i), we get

2

or

or

or

Let
or
when

o—N|a

(sin0)>™(cos0)°™1do

2 [ (sin® cos0)>™1do

o —p |3

. 2m-1
) (Zsmecose) 4o

2

o—nN|a

]

2
25_1 j (sin20)°™de
2 0
2
240
0

r'(m)T" (m)
r'(m+m)

[T (m)?
I'(2m)

[T (m)?
' (2m)

[T (m)?
I'(2m)

= dt
= 0,t=0

0,

...(ii)
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T
h = —,tz
when 0 > T

2 T singent & _ e’
0

2 r'(2m)
Lf(sin 0)2-lgg _ LM --ff(t)dt:?f(e)de
or 22m_1 . = m . ) )
2 T (m12
or 22m_12£(sin 0" tdo = % ...(iii)
2
or 22;_1 F((m) \/1;) = % [Using equation (ii) in equation (iii)]
I'im+—
2
= %F(Zm) = F(m)l"(m+%)

Example 3.4. Provethatp (m, n)=p (m,n+1)+ B (m+1,n).
Solution : We know that

I'(m) I'(n)

POV = Ty

rm)yr'(n+l) TIT'(m+1)I'(n)
'(m+n+1) '(m+n+1)

Now B(Mn+1+p(m+1n)

' (m)nT(n) N mI" (m) I"(n)
(m+n)T (m+n) (m+n)T(m+n)

_ F(m)l“(n){ n N m }

'(m+n) {[m+n m+n
I'(m)I'(n)
= pmn) Lﬁmm:TﬁiF}
Example 35, Prove that P(M*1. 1) _ B(m.n+1) B(m.n)
m n m+n

Solution : We know that

I'(m) T'(n
B(mn) = —F((n)m(])) (i)
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p(m+Ln) _ 1T (m+D)In)
Now m “m T'(m+n+l)
1 mI (m) [(n)
" m (m+n) I'(m+n)
p(m, n) ,
= Then (i)
Bmn+1) _ 1TMIn+Y)
Now n T nT(m+n+1)
1 I'(m)nT(n)
T (m+n)I" (m+n)
p(m, n)
= Then (1)
*. From equation (i), (ii) and (iii), we get
B(m+Ln) _ B(mn+1) p(mn)
m - n ~ m+n
1
Example 3.6. Solve I x°(1- x3)P0dx
0
Solution : We know that
B = [X7 @0 dx ()

1
P O

Let |

jx5 1- x3)10dx
0

Put x3 =y [Note that in equation (i) there is no power in x within the bracket]

or 3x%dx = dy
Now, when x =0,y=0
when x =1ly=1

1 1
Y d
= JO0 G
0 3y3

wl;

2
3 (1-y)0dy

y°y

wl|

y@-y)dy

W

o—r O
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W

1
j y2la— y)tttdy
0

1
= 5B(11)
1T(2) (1)

3 I (2+1))
11110!

3121

1 1100 1
312.11.10! 396

( SUMMARY )

A J
N\ 4

o0

e Definition of I" function T (n) =Ie‘xx”‘1dx, n>0
0

e Some other form of Gamma Function

(i) T(n) = Z”Te‘zxx”‘ldx
0

1 1 n-1
i ~(l1og 2| d
(i) r'(n) ﬂwyj y

(Note that in exponential form the limit is from 0 to oo and in logarithm form limit is from 0 to 1. In
evaluating the integrals if there is exponential term or logarithm term, then T" function may be
applied)

1
e Definition of B function p(m,n) = jxm‘l(l— x)"dx, m>0,n>0
0

e Relation between  and I" function

I"(m) I"(n)
p(m,n) = ———=

r'(m+n)

e To evaluate integrals under B function, we have to use the relation between § and I" function to

get a finite result.

QUESTIONS

MULTIPLE CHOICE QUESTIONS (MCQ's)

1. Which of the following is true?
(A) T (n+ 1) =nI(n) for any real number (B) T (n) =nI (n+ L)for any real number
© I'n+1)=n"'(n)forn>1 D) T'(n)=nC(n+1)forn>1
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2. ' (n+1)=n"!can be used where n is

(A) any integer (B) a positive integer
(C) a negative integer (D) any real number
3. Which of the following is not a definition of Gamma Function?
-1 -
(A) T () =n! ® rm= X" e
0
1 1 n-1
©) I'(n+1)=nl(n) D) T (n)= {)('09;] dy

4. What is the value of T (%) ?

(A Vr ®) J% ©) % ©)
5. Which of the following statement is correct?
I'(m-+n) rmri(n
(A) B(m, n) = W;(n) (B) B(m1 n) = 1—~(m—+r§))
r'(n)

©) B(m, nI(m)= B(m, n)=T(m) I (n)

I'(m-+n) ©)
6. What is the value of " (5.5) ?

11.9.75 9.75.3.1 9.75.3.1 11.9.7.5.3.1
W =5 Vn @ T © ~5 Vr O =, Vr
7. What is the value of _[e'xzdx ?
0
A Jr B) \/g © % O
1
8. What is the value of J'(Iog y)8 dy ?
0
(A) 5! ®) 7 ©) 8 D) 9

9. What is the value of T (%) ?

1 (1 951 1 51_/(5 751 (1
w3l ® el © 733 © 333
10. The value of I'(0) is
(A0 ® 1 © ©®) Jr
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SHORT ANSWER TYPE QUESTIONS
1. Define Gamma function.
2. Define Beta function.
3. Write the relation between Gamma function and Beta function.

T

2
4. What is the value of the integral j tan 6 d6?
0

X2

dx ?

1
5. What is the value of j
0 1-x*

LONG ANSWER TYPE QUESTIONS

1. Showthat I'(m) T (l-m) = —~
sinmn
2. Evaluate dx
o @rx*h
3. Evaluate ji dx
X
oC
4. Evaluate the Integrals :
) 121
@ [x*@-x)°dx ©) IXS (1-x) 2dx
0 0
12 1 1
© jx 3 (1-x)2dx (d) jx5 1-x3)3dx
0 0
2 1
@ [x*(8-x%) 3dx
0
5. Evaluate the integrals by using Gamma function :
o0 o0 2
(8 [~/xe*dx () [x*e™ dx
0 0
1 0
(© j(x log x)3 dx (d) j\/;e_3‘/;dx
0 0
00 ® 2
© jxﬁe‘zxdx () je‘x dx
0 0

1 3 1
(©)) jx“[lnﬂ dx (h) j In(a dx
0 0
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HINTS/ANSWERS
MULTIPLE CHOICE QUESTIONS
1 (C) 2. (B) 3 A 4. (A 5 (B)
6. (B) 7. (C) 8 (C) 9. A 10. (©)
Short Answer Type Questions

1. The Gamma function which is also known as Euler’s integral of the second kind was first introduced
by Euler in his work to generalize the factorial of non-integer values. Gamma function can be
defined as (out of three different convenient definitions)

r( = Ix”‘le‘xdx, Where n>0.

0
2. The Beta function is also known as Euler integral of the first kind and defined by a definite integral
as
1
Bmn) = [x"@-x)""dx, wherem>0,n>0.

0
3. Beta function and Gamma function can be related by the relation

" (m) I'(n)

B(mn) = m where m>0, n>0.

4. Hint: Use 2m-1=1/2 and 2n —1 = -1/2 in equation (i) of example 3.3.
5. Hint : Substitute x> = sin 0

Long Answer Type Questions

e _ . _I'(m) " (n)

1. Hint:Put n=1-minp(m,n)= T (m+n)

2. Hint: Putx2 =tan 0

0 1 0
3. Hint:j—xdx:_[e‘x'ogcdx and putx logc =t
c
0 0

4. Hints :
_r@re 11 13
@ pan -0 o (L3 © 823
3
(d) Put X3 =t €) Put %:t
5, (a)? (b) 3%
© % (d) % Hint: 3yx =t
(e)% Hint : 2x =t () % Hint: x* =t
(@) 6_25 Hint : Put Inéz% (h) g Hint : Putx = ¢™*





